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SYMPLECTIC A-DIRECTED IMMERSIONS 


SAUVIK MUKHERJEE 


1. Introduction 

Let V and W be smooth manifolds of dimensions n and q respectively with n < q and 
let 7 r : Gr n (W) —> W be the Grassmanian bundle of n-planes tangent to W, i.e 7t^ 1 (x) = 
Gr n (T x W) for x € W. For a given vector bundle monomorphism F : TV -A TW , define 
GF : V -A Gr n W given by 

x^F x {T x V) 

Now for an immersion / : V —> W we call Gdf the tangential lift of /. Let A C Gr n (W) 
be an arbitrary subset then an immersion / : V -A W is called A-directed if Gdf(V ) C A. 
In [3] Gromov proved the following theorem using Convex Integration thechnique which 
is known as A-directed embedding. 


Theorem 1.1. (A-directed embedding) Let V and W be as above with V an open man¬ 
ifold. Let A C Gr n (W) be an open set and fo : V W be an embedding such that 
the tangential lift Go = Gdfo is homotopic to a map G\ : V -A A C Gr n (W) through 
a homotopy Gt : V -A Gr n (W) such that it o Gf = fo, then fo can be isotoped to an 
A-directed embedding f\ : V —>• W. Moreover given a core K C V, the isotopy f t can be 
chosen arbitrarily C°-close to fo on Op(K). 

Alternative proof of the theorem has been provided in [2] and [I]. In this paper we have 
presented a proof of a symplectic analogue of this theorem. For V closed 11.11 is not true 
in general but under a completeness condition on A. 1 1.1 1 becomes true, see [2] for a proof. 

Let us conclude this section by stating the main theorem of this paper. Let (V. ujy) 
and (W,ujw) be symplectic manifolds of dimensions 2 n and 2 q respectively with n < q. 
Let Sp 2 n {W) C Gr 2 n{W) consists of symplectic 2n-planes tangential to W, and 7r : 
Sp 2 n(W) -A W be the bundle. 


Theorem 1.2. Let (V, ujy = day) be an open exact symplectic manifold and (W,uw = 
daw ) fre an exact symplectic manifold of dimensions 2 n and 2 q respectively with n < q. 
Let A C Sp 2 n(W) be an open subset and let fo : V W be a symplectic immersion 
i.e, fo is an immersion satisfying /q(wve) = wy. Further assume that the tangential lift 
Go = Gdfo : V —>• Sp 2 n {W) admits a homotopy Gt : V —> Sp 2 n (W ) such that tt oGt = fo 
and G\ : V —> A C Sp 2 n {W) then fo admits a homotopy of isosymplectic immersions ft 
such that f\ is A-directed. Moreover given a core K C V, the homotopy ft can be chosen 
arbitrarily C°-close to fo on Op(K). 
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2. Main Theorem 


In this section we will present a proof of 11.21 First we need an approximation result 
which we state bellow. 


Theorem 2.1. (Main Approximation Lemma) ( V,ujy = day) be an open exact sym- 
plectic manifold as above and let K C V be a polyhedron of positive codimension and 
Gt : V Sp 2 n(W) be a symplectic tangential homotopy, where (IT, uw = daw) as above 
is exact symplectic, such that Gq = Gdf for some isosymplectic immersion f : V —> W 
and it o G t = f ■ Then for arbitrarily small 5,e > 0 there exists a 5-small symplectic 
diffeotopy h T : V —> V, r £ [0,1] and a homotopy of symplectic immersions 

ft ■ Op(K) IT 

where K = h l (K) and /o = ( fo)\Op v K> suc -h that the homotopy Gdft is e-close to the 
tangential homotopy {Gt)i 0pv K- 

We need a theorem from [2] for the proof of 12.II which involves the following concepts. 


Definition 2.2. (Local Integrability) A differential relation 1Z C J r (V,W ) is called 
(parametrically) locally integrable if given a map h : I k —>• V, a family of sections 

F p : h{p) pe I k 

and a family local holonomic extensions near dl k 

F p : Op(h[p)) -A TZ, F p (h{p )) = F p {h(p )), p <E Op(dI k ) 

there exists a family of local holonomic extensions 

F p : Op(h(p)) -> U, F p (h ( P )) = F p (h(p)), p € I k 

such that for p £ Op(dI k ) these new extensions coinside with the original extensions 
over Op(h(p)). 

Definition 2.3. (Microflexibility) Let K rn = [—l,l] m . For a fixed n and any k < n 
we denote by 6 *. the pair (K n ,K k U dK n ). Let V be an n-dimentional manifold. A pair 
(A, B) C V is called a 6k pair if (A, B) is diffeomorphic to the standard pair 6k- 

A differential relation 7 Z C J r (V, W) is called (parametrically) k-microflexible if for 
any sufficiently small open ball U C V and any families parametrized by p £ I m of 

• Ok-pairs ( A p ,B p ) C U, 

• holonomic sections F p : Op(A p ) —> TZ and 

• holonomic homotopies Ff : Op(B p ) —> TZ, r £ [0,1], of the sections F p over 
Op(Bp) which are constant over Op{dB p ) for allp £ I m and constant over Op{B) 
for p £ Op(dI m ) 
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there exists a number a > 0 and a family of holonomic homotopies 

Fp : Op(Ap) -+K, t £ [0, er], 
which extend the family of homotopies 

Fp : Op(B p ) > 7Z, r £ [0,cr], 

and are constant over Op(dA p ) for allp £ I m and constant over Op(A) forp £ Op(dI m ). 

A differential relation TZ C J r (V,W) is called microflexible iflZ is k-microflexible for 
all k = 0,1, 2, n — 1, where n = dim(V). 

Definition 2.4. [2] Let U C Dif f(V ) 6e a lie subgroup of the group of compactly sup¬ 
ported diffeomorphisms of V, and A be its lie algebra. We callU, {A) ’’capacious” if it 
satisfies the following conditions 

• for any v £ A, any compact set A C V and its neighborhood U D A there exists 
a vector field va,u £ A which is supported in U and which coinsides with v on A. 

• given any tangent hyperplane r C T X V ., x £ V, there exists a vector field v £ A 
which is transversal to r. 

Moreover the above conditions need to be satisfied parametrically with respect to a compact 
parameter space. 

It has been mentioned in [2] that the relation of Legendrian immersions is locally 
integrable and microflexible. Let us prove this. We need a lemma from [2] to prove this. 


Lemma 2.5. (Contact Stability) Let £t, t £ I, be a family of contact structures on a 
neighborhood Op(A) C M of a compact set A C M . Then there exists an isotopy of 
ft '■ Op(A) —t M, fixed on A such that = (t- t £ /. 

Lemma 2.6. Let M be any manifold of dimension n and (N. £) be a contact manifold 
with dimension 2 n + 1, then lZL eg , the relation of Legendrian immersions from M to N 
is locally integrable and microflexible. 

Proof. To avoid notational complexity, we shall only prove the non-parametric versions. 

Local Integrability: Take F : T X M -£ ( y C T y N be an injective linear map. So now 
take an immersion / : Op(x ) —>• Op(y) such that df x = F. Take a hyper-plane field £' on 
Op(y) such that df{TOp{x)) C £' ftl and = f y . As f y = £ y , £' is also a contact 
structure on Op(y). Let £ = ker(r]), and £' = feer(r/ / ), where p and rf are one forms on 
Op(y). We can also assume ij y = rf y . Let ry = (1 — t)p + tr( , t £ I. So (pt)y = Vy- So 
£t = ker(rjt) is a homotopy of contact structures on Op(y). So bv 12.51 we get an isotopy 
ft : Op(y) Op(y), such that ((ft)*£ o = £t- As £ 0 = £ and £i = £', we get (£>i)*£ = £'. 
So the required Legendrian immersion is (f\ o f. 
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Microflexibility: Let U, ( A,B ), F T be as in 12.31 As the relation of immersions is 
microflexible, we get a a > 0 such that there exists a homotopy 

f T : Op(A ) ->• N, t £ [0, a] 

which extends the homotopy 

f T : Op(B) —> N, where F T = df T 

Now take a homotopy of hyperplane fields, such that df T (TOp(A)) C £ r and £o = £. 
As U is small, £ T = kerp T for some homotopy of one forms rj T . Define 

P : [0,cr] D 2n+1 (Af), as P(r) = rj T A ( dg T ) n 

So P(0) is a non-zero section in D 2n+1 (iV). So there exists a a £ (0, cr] such that p T are 
contact forms for r £ [0, cr]. Again bv 12.51 we get an isotopy (j) T such that (cj) T )*ker(r] o) = 
ket(r) T ). So set 

f T : Op(A) -)• IV 

as (j) T o / r , /or t £ [0, cr], □ 

Theorem 2.7. /J2]/ Lef 7?. C X ^ be a locally integrable, microflexible differential rela¬ 
tion. K C V be a polyhedron of positive codimension and F z : OpK —> 1Z be a family 
of sections parametrized by a cube I m , m = 0,1, 2,.... Suppose the sections F z are holo- 
nomic for z £ Op(dI m ). Then for arbitrarily small 5, e > 0 there exists a family of 
5-small diffeotopies hZ : V —> V, t £ I, z £ I m and a family of holonomic sections 
F z : Op(hl(K)) —} 1Z, z £ I m such that 

• hZ = idy and F z = F z for all z £ Op(dI m ) 

• dist(F z (v), (F z )\ 0p ( h i( K ))(v)) < e for all v £ Op{h\{K)) 


Moreover if 1Z is U-invariant, where U C Diff(V ) is a ’’capacious” subgroup, then 
h T z can be taken from U, i.e, we can assume h T z £U. 

Proposition 2.8. Let K C V be a polyhedron of positive codimension and Ft : TV —> 
TW be a homotopy of vector bundle monomorphisms covering an isosymplectic immer¬ 
sion f with F 0 = df, (/ — isosymplectic ) such that Ffuw = wy. Then for arbitrarily 
small 5, e > 0, there exists a 5-small symplectic diffeotopy h T : V —> V and a homotopy 
of isosymplectic immersions ft : Op{K) —> W, where K = h 1 (AT) and ff = f\o p (k) such 
that the homotopy Gdft : Op(K ) —> Sp 2 n(W) is £-close to {GF t ), 0p ,^y 

Proof. Define F' as 

F{ := F 2 t, t £ [0,1/2] and F[ := p 2 - 2 t, t G [1/2,1] 

As / : V —> W is an isosymplectic immersion, we consider the following symplectic 
vector bundle E —> V whose fiber over a point v £ V is the space (df (T v V)) ±ul w, the 
wyy-dual to df(T v V ) C T m W. By (9.2.2) of [2] there exists a symplectic structure u 
on a neighborhood Op(V) of the zero section V of E such that Cb\y = uy. As both 
wy and ww are exact, Co can also be taken to be exact, so let Co = da. Now F' can be 
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extended to a homotopy of vector bundle morphism F" : TOpiV) —>• TW which fiber 
wise isomorphism, such that ( F")*uw = Moreover F'f and Ff can be be chosen to 
be holonomic by ’’Symplectic Neighborhood Theorem” (9.3.2) of [2J. Now consider the 
symplectic manifold Op(V) x W with symplectic structure Cj © {—ojw)- Define 

Ff : TOp{V ) -7 TOp(V) x TW 
X^>(X,F?(X)) 

Observe that for each fixed t G I, and x G Op(V). Im(Fj > ) x is an isotropic subspace. 

Now take s : I — > I such that s{t) = 0, for t G [0, cr], and s(t) = 1, for t G 
[1 — cr, 1], where 0 < a < 1/2 is small and sir^i^ : [<r, 1 — a] —)• / is a homeomorphism. 
Let s _1 (l/2) = to- Define F t as F t := F^ f -. Observe that F t is holonomic for t G Op(dl). 

Consider the contact manifold Op(V) x ITxM with contact structure ker(dz—rj), where 
r/ = a © {—aw) and z is the variable in M. The homotopy of isotropic monomorphisms 
Ff lifts to a homotopy of isotropic monomorphisms 

L{F t ) : TOpiV) -> T(Op(V) xlLxR) 

which in our case is a homotopy of Legendrian monomorphisms. 

Now in view oi\m we can use o So bv !2.7l we get, for given arbitrarily small 5, e > 0 
there exists a family of 5-small diffeotopies hj : Op{V) —>• Op(V), r G I, t G / and a 
family of holonomic sections Fj 101 : Op{h\{K)) —» IZLeg , t € I such that 

• hf = ido p (v) an d Ff° l = L(F t ) for all t G Op(dl) 

• dist{F t hol (v),L(F t )\ 0p{h i( K)) (v)) < e for all v G Op{h\{K)) 

Moreover, as U = F[am(Op(V)), the identity component of the group of compactly 
supported hamiltonian diffeomorphisms of the symplectic manifold ( Op(V),da) is ”ca¬ 
pacious” and 1ZL e g here is invariant under the action of U, we can take hf G U. 

Consider Fj 101 , for t G [0, to] to get a homotopy of Legendrian immersions which we 
denote by ff° l : Op{h\{K )) -» Op{V) x W x R, for t G [0, to]. Let ir : Op(V) x W x R —>■ 
Op{V) xlfbe the projection on the first two factors. Then ir o fj 101 : Op{h\{K)) —> 
Op{V) x IT is a homotopy of exact Lagrangian immersions into ( Op(V) x W. dr/). 

Set K = h\ 0 {K ) C h\ 0 {V). As h\ Q is a diffeomorphism, we identify V with h\ Q {V). 
Now take v G Opy{K). So there exists a unique v G Opy{K) such that v = hj (v). Now 
consider the curve 

7 c : [0, t 0 ] -> Op{V) x W, 7«(*) = ^ ° ft 0 -t( h t 0 -t( v )) 
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Set fl(v) = 7c(to — t), for t G [0,to]- So f' t {v) = (v,ft(v)). As the restriction of a 
isotropic immersion is isotropic, so (ft)\v is isosymplectic. Now the required homotopy 
of isosymplectic immersions is given by reparametrizing (ft)\v- □ 

Proof. (Proof of 12.111 For e G (0,7r/4) choose an integer N such that for each interval 

Ai = [(i-1)/N,i/N\ 

the homotopy {Gt}t^Ai is e-small. Set Kq = K and Vo = Op(Ko). 

Step-1: {Gt}te Ai defines a homotopy of sections 

l '/ • Vo y P'iso—symp V. J\V 0 ,W) 

such that base of F t is / for all t G [0,1 /N}. By 12.81 above one can ei-approximate Ff 
by J 1 ft over Op(h\(Ko )), where h\ is a <5/lV-small symplectomorphism and ft ■ Vq —> 
W for t G [0,1 /N] are isosymplectic immersions. Set K\ = h\{Ko ), V\ = Op(Ki). 

Step-2 : As E\ was chosen small, we can approximate {G t }te a 2 by {G?}teA 2 such 
that {Gt}t£ a 2 covers /i/w and Gy N = G(dfi/^). So {Gt}te a 2 defines a homotopy of 
sections 

Ff ■ 1 1 y F-iso—symp V. j\Vi,W) 

such that base of Ff is fi/w- Again bv 12.81 one can e 2 -approximate Ff by J 1 ft over 
Op{h\{K\ )), where h\ is a <5/lV-small symplectomorphism and ft : V\ —> W for t G 
[1/JV, 2/N] are isosymplectic immersions. Set K 2 = h\(Ki), V 2 = Op(K 2 ). Continue 
this way till i = N. Set K = Kn- Now we can define the required ft in the following 
way. For t G A,; set 

ft : Op(I< N ) -G W 

as follows 

Take v G Op(K]y). So there is an unique v' G Op{Kf) such that 



So set f t (y) = ftW)- D 

We now state a theorem which will help us complete the proof of 11.21 

Theorem 2.9. ( 'p ] ) Let ( V,ujy ) be an open symplectic manifold and let K C V be a 
core of it, then there exists a homotopy of isosymplectic immersions g t : V —> V such 
that 

go = id v , and gi{V) C Op(K) 

Proof. (Proof of ll.2H Let K C V be a core. Use l2.1l to approximate Gt near K = h l (K) 
by a homotopy of isosymplectic immersions ft : Opv(K) — > W. As A C Sp 2n (W) is 
open, a sufficiently close approximation will give us Gdf\{Opv{K)) C A. Now bv 12.91 
there exists a homotopy of isosymplectic immersions gt with the above properties with 
respect to the core K. So the required homotopy is ft = ft ° gi- Cl 
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3. Generalization To Closed Manifolds 


In this section we generalize the symplectic ^-directed immersion theorem to closed 
manifolds. We introduce the following notions. 


Definition 3.1. Let n < m < q. An open set A C Sp 2 n {W) is called m-complete if 
there exists an open set A C Sp 2 m (W) such that 

A = U LeA Sp 2 n(L) 

Lemma 3.2. Let Sp m _ n (W) be the manifold of all (2m, 2n)-symplectic flags on W, i.e, 
Spm,n(W) = {(L, L) : L G S P 2 m(W) and L G Sp 2n (L)} 

p 

Consider the natural projection Sp m ^ n {W) —> Sp 2 n(W ) and let the following data be 
given 

X x {0} -U- Sp m , n (W) 

p 

Xxl —— Sp 2n (W ) 

r 

Such that it o F = jtoPo / then F lifts to a map F : X x / —»• Sp miTl (W), where 
7T : Sp 2 n (W) -A W be the bundle projection. 

Proof. Let F(x, 0) C T y W for some y G W. So F(x, 0) is a symplectic subspace of 
T y W. Denote its symplectic complement by G x . Now if F is such that F(x,t ) PI G x = 
{0}, for all t and all x. Then defining F(x, t) = (F(x, t)(BK Xl F(x, t)) for some 2 (m—n)- 
dimensional symplectic subspace K x of G x provides a lift. 

Now let us consider the general case. Subdivide the parameter interval I into subin¬ 
tervals A i = [i/N, (i + 1)/-ZV] so that on each A,, F(x,t) is 5-small, where 8 is a small 
positive real number. Let us choose 2 (m — n)-dimensional symplectic subspaces of 
the symplectic complements of F(x,i/N) and denote it by G(x,i/N ) with f(x, 0) = 
(F(x, 0)©G(x, 0), F(x, 0)). Let s be a homeomorphism from A* to I such that s(i/N ) = 0 
and s((i + 1)/IV) = 1. Define for 1 G A; 

G(x, t ) = {(1 — s(t))v + s(t)v', where v G G(x, i/N) and v' G G(x, (i + 1)/A)} 

Observe that as F(x,t) is 5-small for t G A* so is G(x,t) for t G A*. So for t G A;, 
G(x,t ) consists of symplectic subspaces only. Now F(x,t ) = ( F(x,t ) © G(x,t), F(x,t)) 
provides the lift. □ 

Theorem 3.3. Let A C Sp 2 n(W) be an open set which is m-complete. Then the state¬ 
ment of 1 1. A holds for closed V. 

Proof. Let Sp m)n (W) be the manifold of all (2m, 2n)-symplectic flags on W. Further let 
us denote the natural projections by 

Sp m ,n( w ) ^ SP 2 m(W) and Sp mt n(W ) 4 Sp 2n (W) 

7 






Set 


A = {(L, L) :Lg A, Lg Sp 2n (l )} C Sp m , n (W ) 

In the above A exists by m-completeness. Note that P(A ) = A, P(A ) = A. Let 
Gt : V —> Sp2n(W) be the homotopy between the tangential lift Go = Gdfo of the 
isosymplectic immersion /q and the map G\ : V —> A. Let the map G\ lifts to a map 
G\ : V —> A C SpmfaW). Then the homotopy Gt lifts to a homotopy Gt : V —>■ 
Sp m ,n{W) by 13.21 We have Gt = P o G*. Set Gt = P ° Gt, t G I. Let N be the total 
space of the vector bundle over V whose fiber over a point v G V is the normal space to 
Gi(v) in Gi('u). 

Now extend the isosymplectic immersion /q to an immersion F : Opy{V) —> W 
such that GdF\ v = (Go)|y. Consider F*(uiw), observe that F*{u>w)\v = u v- Let 
Cj be the symplectic structure on Opn(V) as in (9.3.2) [2], As Opn{V) is arbitrar¬ 
ily small we can assume that the linear homotopy a it joining F*(uw) and Cj consist of 
symplectic structures only. So by symplectic stability theorem (9.3.2) [2] there exists 
an isotopy fa : Op^iV) —>• Opn{V) such that fa(F*( low)) = ^t and (fa)\v = idy- 
Set /o = F o fa. So we have constructed an isosymplectic immersion /q extending 
/o such that (Gdfo)\y = (Go)|u- Hence bv 11.21 we can construct ft : Opj\t(V) —> W such 
that /i is an A-directed immersion. Then f t = (ft)\v is the required one. 

Now in general G\ does not lift to G\. Bv l2.1l we can assume that the homotopy Gt is 
constant on a neighborhood Op(K) of the (2n — l)-skeleton of some triangulation of V 2n . 
So we only need to construct ft on the top simplex A of the triangulation keeping f t fixed 
on Op{d A). If the triangulation is sufficiently small then (Gi)|a lifts to Gi : A —> A and 
one can apply the previous argument. □ 

4. Application To Poisson Geometry 

Let ( V 2n ,ujy = day) be a symplectic manifold and {W 2q ,uiw = daw) be another 
symplectic manifold such that there is a codimension 2k symplectic foliation T on W 
with q > n > k. By a symplectic foliation we mean that (fafa )|tt is nowhere vanishing. 
Such a W admits a regular Poisson structure. The foliation is known as the charac¬ 
teristic foliation. In this section we study the existence of a regular Poisson structures 
on a symplectic manifold (V 2n ,uiy = day) with codimension 2k characteristic foliation 
induced from the symplectic structure uy. 


Theorem 4.1. Let ( V 2n ,uy = day), ( W 2q ,uw = daw) and T be as above. Set 

A = {L G Sp 2 n{W) : L rh TF} 

Let there exists an isosymplectic immersion f : V —)■ W whose tangential lift is homotopic 
to a map G\ : V —> A through a homotopy Gt : V —> Sp 2 n (W) such that no Gt = f■ 
Then a regular Poisson structiLre on V exists with codimension 2k characteristic foliation 
which is induced from c oy if either V is open or A is m-complete for some m. 
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Proof. Observe that A is open. So bv ll.2l or bv 13.31 there exists an isosymplectic immer¬ 
sion such that fi rti T . So is a symplectic foliation on (V, ujy)- □ 
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